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HIGHLIGHTS

e We assume that the null unit root process is with a Fourier component.

o We derive the asymptotic distribution of the standard Dickey-Fuller (DF) test.

e Asymptotic distributional results generate interesting predictions.

e The converse Perron phenomenon may occur when a Fourier-form break exists.
e The predictions are confirmed by simulation results.
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1. Introduction

Following the seminal work of Perron (1989), it is now a well-
known fact that the usual Dickey-Fuller (DF) test is inconsistent
when applied to stationary series with a break. In contrast, Ley-
bourne et al. (1998) and Leybourne and Newbold (2000) illustrate
a “converse Perron phenomenon”, suggesting that the usual DF test
tends to suffer enormous size distortion when applied to a unit root
process with an abrupt break (particularly, if the break occurs early
in the sample). Accordingly, the usual DF test is likely to mix up
a stationary series carrying a break with a unit root process and
mistake a unit root process with a break for a stationary series.

* We thank an anonymous referee and the editor for very valuable comments
and suggestions. Remaining errors are our own.
* Correspondence to: School of Management, Lanzhou University, 222 South
Tianshui Road, Lanzhou, Gansu, 730000, China
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Since 1989, a vast literature has developed around incorpo-
rating breaks into unit root testing. The literature begins with
considering a single exogenous break (i.e. a break at a known
point) and steadily evolves into permitting for possible multiple
endogenous breaks (i.e. breaks at unknown dates); see Perron
(2006) for a comprehensive survey. In practice, this line of research
requires to assume the maximum number of breaks and identify
the break dates. These parameters are crucial to the performance
of break-adjusted unit root tests but they are hard to be properly
estimated.

Becker et al. (2006) and Enders and Lee (2012a, b) suggest a new
approach in handling breaks for unit root tests. They demonstrate
that the flexible Fourier expansion of Gallant (1981) can well
approximate the deterministic component of an economic time
series with numerous breaks. The new approach is advantageous
for its simplicity as commonly only a single frequency is sufficient
to achieve a reasonable approximation. In terms of empirical rel-
evance, according to Enders and Lee (2012a, b), using the specific
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frequency k = 1 often leads to a good approximation for breaks of
unknown form in economic series.

According to Enders and Lee (2012a), ignoring Fourier-type
breaks in a stationary series can lead to a Perron-like phenomenon
of inconsistency. However, the literature is silent if a similar con-
verse Perron phenomenon will occur when a unit root process
with a Fourier component is considered. The main purpose of this
paper is to fill this gap in the literature. To this end, we derive
the asymptotic distribution of the DF t-statistic under the null
hypothesis, assuming the null unit root process is accompanied
with a Fourier component. Interestingly, we find that ignoring
a Fourier component will end up with very different outcomes:
the null hypothesis can be either over-rejected or under-rejected,
depending on the setting of the Fourier component, the variance
of the disturbance, and whether the DF test allows for a linear
trend. In other words, the converse Perron phenomenon can arise,
but only in certain cases. All the results in this note are derived
by assuming the integer frequency k and “=" stands for weak
convergence.

2. The standard DF test under a Fourier-form break
Let y; be generated by the following AR(1) model

(1= L)y — a(t) — yt) = uy,

where u; is an i.i.d. disturbance with zero mean and constant vari-
ance o2, a(t) is a time-varying deterministic break function, and
yt is alinear deterministic trend. The initial value y, is assumed to
be O(1). Following Enders and Lee (20123, b) and Lee et al. (2016),
a(t) is set to the following single-frequency Fourier form:'

t=1,2,...,T, (1)

a(t) = ag + B1sin(2mkt/T) + B cos(2wkt /T), (2)

where B; and B, measure the amplitude and displacement of
sinusoidal components and k represents a particular frequency.
We are of interest to test for a unit root (¢ = 1) against
stationarity (¢ < 1) from the standard DF test. Specifically, we
aim to examine the situation under the unit root null hypothesis
when the Fourier component («(t)) in (1) is unnoticed. Similar to
Leybourne et al. (1998) and Leybourne and Newbold (2000), we
assume the magnitude of the break amplitude parameters, s, is
proportional to T'/2. This assumption ensures that, asymptotically,
the break component «(t) and the random walk component of
y; are of the same order of magnitude (in probability). Thus, the
asymptotic distribution of the test statistics depends on the break.

Theorem 1. Suppose y; is generated based on (1) and (2) with ¢ = 1
and assume 81 = «:TV? and B, = kT2, where k1 and k, are
constants. We consider the following two DF tests.

(a). Trend case: Let t°Ft-B be the standard DF t-test statistics of the
regression: Ay; = py;_1 + ¢1 + ot + e;. We have® Eq. (3) is given

in Box I, in which
1
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1 Without loss of generality, it is assumed that «(0) = 0.
2 In Appendix A, we have shown that (from (A.7)), for large «’s, the bias of
the estimator of o is of the same order of magnitude (in probability) with the
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considerable in finite sample size. It therefore needs a large sample size T to obtain
this asymptotic result under this circumstance.

. Hence, for a small 0% and large «’s, the bias is
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(b). Mean case: If y = 0in (1), and let tPf<-8 be the standard DF
t-test statistics of the regression: Ay, = py:_1+ 1 + e, then Eq. (4)
is given in Box II, inwhichd* = —2nk fol cos(2kr) [ /3, W(s)ds] dr
and d§ = —2wk f01 cos(2mkr)W (r)dr.

Proof. See Appendix A. ®

Clearly, the asymptotic distribution of the DF statistic depends
on o, k, k1 and «, except for the special case of no breaks (x; =
k2 = 0).> Hence, ignoring the Fourier component may lead to
non-trivial size distortion. However, as the asymptotic distribution
is complicated, it is hard to quantify the extent of inconsistency. To
focus on the impact of the size when the Fourier components are
ignored, following Leybourne and Newbold (2000), further insight
can be shed by considering the extreme case of large «’s. For large
1 and k2, as T — oo, then approximately*

61k

tPFeh e —— ., (Trend) (5)
1 3k
<§(K12 +k3)— (ﬂkl)z)

and®

tDﬂ”B

— 0. (Mean) (6)

The result of (6) implies that, in the mean case, as tPf< — 0,

the DF test is likely to under-reject the null hypothesis when «’s
are large. On the other hand, for the trend case, since the limiting
distribution of t°ft-8 in (5) hinges on k, k1, k» and o, the direction
of inconsistency is unclear. We plot the limiting distribution in (5)
with two illustrative examples: Fig. 1(a) for k; = 2 and x; = —2
and Fig. 1(b) for k; = x = 2, under various combinations of o and
k.Fig. 1(a) shows that, when «1 and «, are large with opposite signs
and « - o is small, t?ft-B converges to a low negative value and the
null hypothesis is likely to be over-rejected. However, the chance
of over-rejection lessens as k - o increases. Conversely, according
to Fig. 1(b), when «; and «, are with the same sign, since tPft-8
converges to a positive value, under-rejection is likely to occur for
any combination of o and k.

3. Simulation evidence

In this section, we examine the performance of the DF test using

3 When k1 = ko = 0, the distribution shrinks to the usual DF distribution. For
Jd wraw(r—q ¥ 'h

Jd w(rydr—b e —1h

4 Simulation results show that dy, dy, d3 and d4 in (3) are largely symmetric
around zero and mostly lie between —0.1 and 0.1. Therefore, they are negligible
when «’s are large.

5 When «'s are large, %(Klz + KZZ) in the denominator of (4) dominates all other
terms and, as a result, t?¢-B converges to zero. Simulation results also show that d
and d are symmetric around zero and, for most cases, less than 10~ in magnitude.

example, tPFtB =
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Fig. 1. Limiting function of DF in (5) for large amplitude parameters: (a) k1 = 2 and k; = —2; (b) k1 =2 and k; = 2.
Table 1
Size of standard DF test with trend when DGP is given as (1) and (2). (Under a fixed o = 1).
T (k1. K2) (0.1,-0.1) (0.1,0.1) (0.5,—0.5) (0.5,0.5) (1,-1) (1,1) (1.5,—1.5) (1.5,1.5) (2,-2) (2.2)
k=1 0.043 0.046 0.024 0.001 0.118 0.000 0.439 0.000 0.802 0.000
k=2 0.048 0.055 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
100 k=3 0.052 0.056 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.045 0.043 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.041 0.043 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=1 0.052 0.049 0.022 0.001 0.142 0.000 0.577 0.000 0.936 0.000
k=2 0.055 0.054 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000
200 k=3 0.050 0.055 0.001 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.046 0.047 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.042 0.043 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=1 0.052 0.047 0.013 0.003 0.151 0.000 0.673 0.000 0.979 0.000
k=2 0.051 0.052 0.003 0.000 0.000 0.000 0.000 0.000 0.000 0.000
500 k=3 0.049 0.051 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.045 0.048 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.042 0.042 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Notes: y, is generated as (1—¢L)(y; —a(t)— yt) = g, a(t) = o+ B sin(2mkt /T)+ B, cos(2mkt /T), with ¢ = 1, 81 = k1+/T, o = k23/T,y = 1, a9 = 1and u; H N(0, %)

with o = 1. Size is computed at the 5% nominal level, based on 2000 replications.

Monte Carlo experiments. We generate the time series through the
data generating process given as (1) and (2) with ¢ = 1 and u;
being drawn from i.i.d. N(0, 52).° We set T = 100, 200, 500 and
k=1, 2, 3, 4, 5. All simulations are done with GAUSS, using 2000
replications at the 5% significance level.

In the first experiment, we choose (x1,k2) = {(0.1,—0.1),
(0.1,0.1)}, {(0.5, —0.5), (0.5, 0.5)}, {(1, —1), (1, 1)}, {(1.5, —1.5),

6 Since the DF test in the trend case is free from y and «g, without loss of
generality, wesety = ap = 1.

(1.5, 1.5)}, {(2, —=2), (2, 2)}, given o = 1. The results are reported
in Table 1 (trend) and Table 2 (mean). The results of Table 1 can
be summarized as follows. First, when «; and «, are small in
magnitude (e.g., 0.1), the DF test is largely correct-sized. Second,
when the Fourier frequency k is 2 or larger, the DF test tends to
under-reject the null hypothesis when |«¢| and |«;| are moderate
(i.e., [k1] = |x2] = 0.5) or large (i.e., |«1| > 1and |k3| > 1). Third,
for k = 1, over-rejection emerges when || > 1and |« > 1,
and «7 and «; are with different signs. The rate of over-rejection
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Table 2
Size of standard trend-free DF test when DGP is given as (1) and (2) withy = 0. (Under a fixed o = 1).
T (K1, k2) (0.1,—0.1) (0.1,0.1) (0.5,—0.5) (0.5,0.5) (1,-1) (1,1) (1.5,—1.5) (1.5,1.5) (2,-2) (2,2)
k=1 0.053 0.043 0.028 0.003 0.022 0.000 0.001 0.000 0.001 0.000
k=2 0.048 0.037 0.011 0.000 0.001 0.000 0.000 0.000 0.000 0.000
100 k=3 0.039 0.040 0.004 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.032 0.038 0.002 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.031 0.036 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=1 0.049 0.048 0.034 0.002 0.023 0.000 0.008 0.000 0.003 0.000
k=2 0.041 0.031 0.009 0.000 0.001 0.000 0.000 0.000 0.000 0.000
200 k=3 0.038 0.029 0.009 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.043 0.034 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.038 0.033 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
k=1 0.052 0.043 0.049 0.002 0.021 0.000 0.018 0.001 0.008 0.001
k=2 0.045 0.028 0.017 0.001 0.007 0.000 0.002 0.000 0.001 0.000
500 k=3 0.048 0.030 0.007 0.001 0.000 0.000 0.000 0.000 0.000 0.000
k=4 0.032 0.028 0.005 0.002 0.000 0.000 0.000 0.000 0.000 0.000
k=5 0.033 0.032 0.005 0.000 0.000 0.000 0.000 0.000 0.000 0.000

Notes: y, is the same as that in Table 1 with y = 0. Size is computed at the 5% nominal level, based on 2000 replications.

Table 3
Size of standard DF test with trend when DGP is given as (1) and (2). (Under fixed large «’s, k1 = 1,k = —1).
T (k1,k2) =(1,—-1) o =0.5 o=1 =15 o=2 o=25
k=1 0.813 0.118 0.035 0.030 0.028
k=2 0.000 0.000 0.000 0.000 0.001
100 k=3 0.000 0.000 0.000 0.000 0.000
k=4 0.000 0.000 0.000 0.000 0.000
k=5 0.000 0.000 0.000 0.000 0.000
=1 0.936 0.142 0.031 0.019 0.022
k=2 0.000 0.000 0.000 0.000 0.000
200 k=3 0.000 0.000 0.000 0.000 0.000
k=4 0.000 0.000 0.000 0.000 0.000
k=5 0.000 0.000 0.000 0.000 0.000
k=1 0.981 0.151 0.031 0.022 0.021
k=2 0.000 0.000 0.000 0.000 0.000
500 k=3 0.000 0.000 0.000 0.000 0.000
k=4 0.000 0.000 0.000 0.000 0.000
k=5 0.000 0.000 0.000 0.000 0.000

Notes: y; is the same as that in Table 1 with various o. Size is computed at the 5% nominal level, based on 2000

replications.

surges as |kq| and |«,| increase.” However, if k1 and «, are with
the same sign, under-rejection is more likely to arise. On the other
hand, Table 2 shows that, in the mean case, the DF test is correctly
sized when |k;| = |k2| = 0.1 and under-sized otherwise. Overall,
the results in Tables 1 and 2 are in line of the asymptotic theory
established in Theorem 1.

In the second experiment, we set o = {0.5, 1, 1.5, 2, 2.5} and
(k1, k2) = (1, —1). We report the simulation results for the trend
case in Table 3.2 Table 3 shows that over-rejection is likely to occur
only when k = 1 and o is relatively small (i.e., 0 < 1) but not in
other cases. The results are consistent with the asymptotic theory
of Theorem 1 and Fig. 1.°

7 Our unreported simulations show that the finite sample results converge to the
limit size more quickly when the «’s are even larger. In Appendix A, we show that,
a2v'me, o( L

T 72D Tf .We conjecture that the mediant
A%*) D(W)

sums of @ (O (7%)/0 (%)) may play a crucial role in the slower rate convergence

+17

tDF'B —
(azv'Myv>]/2 <"25,’/.—1M5y.—1
X T +

T-3 2

at kq = 2 and k; = —2 when k = 1. We thank a referee to raise this point to us.

8 The results for the mean case are available upon request.

9 Fig. 1 predicts that, for any k, when o is very small (say, 0.1), the DF test is
likely to over-reject the null hypothesis. However, as pointed out in footnote 2, the
estimation bias of o is substantial when the sample size is not large enough. In fact,
according to our simulation results, it will require T > 80, 000 to establish the
phenomenon empirically. The results are available upon request.

4. Conclusion

In this note, we examine if the converse Perron phenomenon
would arise when a Fourier-form break is unspecified. We find that
such misspecification will result in non-trivial size distortion and
the direction and degree of distortion is subject to the setting of the
Fourier component, the variance of the error term, and whether
the test allows for a trend. Specifically, the converse Perron phe-
nomenon is likely to occur when applying the DF-trend test to
series with an overlooked low-frequency Fourier component and
small error variance.

Appendix A

Proof of Theorem 1. '° We first prove the trend case. Denote y =
¥1,¥Y2, - > Y1), Y1 =(sin(2k1/T), sin(2wk2/T),. . .,sin(2w kT /T))
and ¥, = (cos(2wk1/T), cos(2wk2/T), ..., cos(2mwkT/T)), the
matrix format of DGP ((1) and (2)) under the null hypothesis of
¢ = 1lis:

Ay =y -1+ BATI+ AT, +u, (A1)

wheret = (1,1,...,1)Y and u = (uy, uy, ..., ur). By recursively

substituting (A.1), we obtain y_ as:

Yyaa=Yor+yta+ 1T 1+ B X1 +Sy 1, (A2)

10 The full version of the proof is available upon request.
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fo (NAW(r) — '@~ 'h + 27kicdy — 2kicady + k1d3 + Kpdg + %12

1/2
(fo W2(r)dr — Wo=Th + 20k1d; + 2050y + 163 + 12) — 21 )

(rk)?

Box III.

wheret_; =(0,1,2,...,T —1)and s, 1 = (Sy0, Sy1, - - -
withsyo = 0and sy = uy +up + - - + ug.

If the Fourier terms are omitted in the regression, the t-statistic
in unit-root test in Dickey and Fuller (1979) is calculated as:

,Sy,T—l)

Ay’ M
(OB — AL : (A3)
Ay'My Ay 1/2
( T y3 ) (y 1My - 1)
whereM = It — Z(2'2)"'Z',Z = (7, t),M, = It — G(G'G)"'G/,
and G = (Z,y_1).
Letv = ¥ and § 1= —", after tedious algebra, we have
o vM‘g'y 1
—— + A
tPFB — (A4)

2. 1/2 2§/_M§ B 1/2°
(575 ) o (Fop )

in which

2nk _,
M= [ﬁlo Tzng,71 ﬁzo T1M§y71 +O'/3]VMT] 1
wk I
+131 MY — /31/32 YMY1_1+0fVMTYT, 4
wk 27'rk
+ﬂ1ﬁ27 TZM TZ -1 ﬂz I T MTZ 1
. 1
=M+0(3): (A5)
1 /

Ay = ﬁ [Uﬁlgj//,_lM i1+ 0',32%,,_1M 11+ o B T{.—lng,—l
+.512 T4,—1M Y1+ B1B2 T{,_1M Yy _1+0pB Téy_1M§y,,1
+BB1 Y5 MYy A+ 5T MY, 4]

=h+0l5 (A6)
1 wk 2wk
A3 = T_ 3 20’ﬂ1 VM 1, — ZUﬁZTVMyrl

27k\? , 27k\? ,
+ ﬂl T TZM_V Tz + ﬁz T TlMy T]
27k , 27k
_lglﬁ2<T) TzMy Tl - 131/32 (T) T{My T2:|

~o(2). -

Here

1 2k _, wk
== [ﬂlai ,MéE, _; — ﬂsz

Tlng 1+ O'ﬂ]V M 111

I
+l31l32 TMTZ—I_ﬁIﬁZ M7, 71+<7/32VMT2711|

1 ,
> 72 [051’3},_1”’ Y1+ Uﬂzé},qM Ty 1 +op Ty ME, _,
+ BT MY 1+ BT MYy 1 +0p Yy ME, ).

@rkp2e? | (rkPi:
T T

From (A.7), it is easily seen that A3 and %

are of the same order of magnitude (in probability), because the
third and fourth term in A3 dominates other terms for large «'s

(r;r; = 1T, = 0. See (Hamilton, 1994 p.176.). Substituting
(A.5)-(A.7) into (A.4) we obtain

o vMEy 1
tDF,B + )\

( ZV’Myv+A3)1/2 (o & lmsy 1+A>
( L 1+k*>+0(i2)
(o) " x (2522 405) +0 ()
TG 4y 0(5z)
()" (—2% o) o)

where the notation @ is adapted from the mediant sums of Farey
sequence denoting § @ § = <

The term A} and A* can Tae shown to follow the following
asymptotics:

12°

6
)\T = 2mkokid; — 2mkokydy + okds + okads + Kll’:z, (Ag)
b4
3 = 200dy 4 2000d, 4 L2 442y - 2 (A.10)
oK oK —(k7 +x5) — . .
2 2 AT TR ey
Also, Dickey and Fuller (1979) showed that
O'ZV,ME%,]
T
o2v'Myv 1/2 GZS;/,_1M€y‘—1 12
(F) < (2
1
W(r)dw(r) — qv~'h
Jo W(r)dw(r) — q (A1)

(Jo wrar - h/\wh)m

Therefore by substituting (A.9)-(A.11) into (A.8) and applying
the continuous mapping theorem, we conclude the proof as in
Box III.

The proof of mean case is similar to that of trend case and are
omitted to save space. It is available upon request. W

Appendix B. Supplementary data

Supplementary material related to this article can be found
online at http://dx.doi.org/10.1016/j.econlet.2017.07.016.
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