Ch. 1 Linear Algebrat

(October 8, 2018)

Probably the most important problem in mathematics is that of solving a system
of linear equations. Using modern mathematics, it is often possible to take a sophisti-
cated problem and reduce it to a single system of linear equations. Linear algebra and
matrix theory are essentially synonymous terms for the area of mathematics that has
became one of the most useful and pervasive tools in a wide rang of disciplines to solve

a system of linear equations. It is also a subject of great mathematical beauty.

1 Vector Space

The concept of a vector is a very useful one. This utility from two important aspects
of vectors, namely that they engender a highly geometrical insight, which is of course
much to be desired, and that vector notation permits many complicated formulas to
be written in a very compact form. With this economy of notation comes a greater

ease in handling problem.
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1.1 Vector Space Axiom

A vector space (also called a linear space) is a collection of objects called wectors,
which may be added together and multiplied (“scaled”) by numbers, called scalars
in this context. That is, a vector space (over a field F) is a set V admitting two

“operation”, called multiplication by scalars and addition:

(a). If x € V and « is a scalar, then ax € V.

(b). fx,y €V, thenx+y €V,

They also satisfy the following conditions:

(c). x+y=y+xforany x and y in V.

(d). (x+y)+z=x+(y+2).

(e). There exists an element 0 in V such that x + 0 = x for each x € V.
(f). For each x € V, there exists an element —x € V such that x + (—x) = 0.
(g). a(x+y)=ax+ ay for each real number « and any x and y in V.
(h). (a+ p)x = ax + px for any real number o and  and any x € V.
(i). (af)x = a(fx) for any real number « and § and any x € V.

j). 1l-x=xforall x e V. O
()

Crample.

A familiar example of a vector space is the n-dimensional Euclidean space R™. Here,

addition and multiplication are defined as follows: If (uq,us, ..., u,) and (vy,ve, ..., v,)’
are two elements in R”, then their sum is defined as (u; 4+ vy, ug + va, ..., 4, +v,) which

is also an element of R™. If « is a scalar, then a(uy, ug, ..., u,)" = (Quy, qus, ..., auy,) ' I

IExample: The two-dimensional plane is the set of all vectors with two real-valued coordinates.
We label this set R2. It has two important properties.
(a). R? is closed under scalar multiplication; every scalar multiple of a vector in the plane is also in
the plane.
(b). R? is closed under addition; the sum of any two vectors is always a vector in the plane.
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Crample.
Let V be the set of all polynomials in x of degree less than or equal to k. Then V is

. k .
a vector space. Any element in V can be expressed as ) . a;x', where the a;’s are

scalars. [ ]

1.2 Euclidean Vector Space

Perhaps the most elementary vector is the Euclidean vector space R",n =1,2,.... For
simplicity, let us consider first R2.

Non-zero vector in R? can be represented geometrically by directed line segments.
T
T2
segment in the plane from (0,0) to (x1,xs). If we equate line segment that have the

Given a nonzero vector x = (or x = (z1 x2)) we can associate it with the line

same length and direction, x can be represented by any line segment from (a,b) to

(a + x1,b+ xs). For example, the vector x = in R? could be represented by the

1
directed line segment from (2,2) to (4,3), or from (—1,—1) to (1,0).

Definition.

The Euclidean length of a vector x = [ il } is the length of any directed line segment
2

representing x. The length of the segment from (0,0) to (z1,xs) is v/27 + 23 (= x'x).

The length is also called the Euclidean norm and is denoted as ||x]|. [ |

Two basic operations are defined for vectors, scalar multiplication and addition.
The geometric representation will help us to visualize how the operation of scalar

multiplication and addition work in R2.

(a). Scalar multiplication:
T

- } and each scalar «, the product ax is defined by
2

For each vector x = [

AT
ax = .
(64 1))
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The set of all possible scalar multiple of x is the line through 0 and x. Any scalar

multiple of x is a segment of this line.

1 2 1 -1
o * o ®k T 2
a—[Ql,a—2a—{4},a— 2a—{_1].

The vector a*(= 2a) is in the same direction as a, but its length is two times
that of a. The vector a**(= —%a) has half of length as a but its point in the

opposite direction.

Second coordinate

4
4l

3.5}
sl

25
St

15}
1} a

os} First coordinate

»
»

T o5 0 05 1 15 2 25 3
* K

(b). Addition:
The sum of two vectors a and b is a third vector whose coordinates are the sums

of the corresponding coordinates of a and b. For example ,

e[ [1)- 3]
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Geometrically, c is obtained by moving in the distance and direction defined by
b from the tip of a or, because addition is commutative, from the tip of b in the

distance and direction of a.

Second coordinate

3.5
c
3 —
2.5
b
15
1 —
o> First coordinate
— o T T T T T T T 1
-1 -0.5 0.5 1 1.5 2 2.5 3 3.5 4

In a similar manner, vectors in R? can be represented by directed line segments in
a 3-space. Vector in R"™ can be views as the coordinates of a point in a n-dimensional
space or as the definition of the line segment connecting the origin and this point.

In general, scalar multiplication and addition in R™ are defined by

axy T+ |
axo Ty + Y2
ax = and x+y=
| axy, | | Tn + Yn |

for any x and y € R" and any scalar «.
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1.3 Linear Combination of Vectors and Basis Vectors

We can combine the two operations “addition” and “scalar multiplication” above as a

whole which is known as a “linear combination”.

Definition.
Let u € ¥V and v € V, the vector w = au + v € V is called a linear combination of u
and v, where o and [ are scalars. [ |
Definition.

A set of vectors in a vector space is a basis for that vector space if any vector in the
vector space can be written as a linear combination of them. The number of elements

in this basis is called the dimension of the vector space. |

Any pair of two dimensional vectors that point in different directions will form a basis
for R2.

Proof.
Consider an arbitrary set of vectors in R? a,b, and c. If a and b are a basis, we can

find numbers a; and as such that ¢ = aya + asb. Let
a:[al}, b:[bl}, and c:{cl].
a2 by Ca
Then

c1 = o1ag + by,

Co = (\1a9 + Oégbg.

The solutions to this pair of equations are

b201 — b102
== = 1-1
“ a1b2 — blCLQ’ ( )
a1C2 — Q20
== == 1-2
2 a1b2 — b1a2 ( )

This gives a unique solution unless (a1by — bjas) = 0. If (a;by — biay) = 0, then
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ai/as = by/by, which means that b is just a multiple of a. This returns us to our
original condition, that a and b point in different direction. The implication is that
if a and b are any pair of vectors for which the denominator in (1-1) and (1-2) is not

zero, then any other vector c can be formed as a unique linear combination of a and b.l

The basis of a vector space is not unique, since any set of vectors that satisfy the
definition will do. But for any particular basis, there is only one linear combination of

them that will produce another particular vector in the vector space.

1.4 Linear Dependence

As the preceding should suggest, k vectors are required to form a basis for R¥. However
it is not every set of k vectors will suffices. As we see, to form a basis we require that

this k vectors to be linearly independent.

Definition.
A sets of vectors is linearly dependent if any one of the vectors in the set can be
written as a linear combination of the others. [ |
Definition.

The vector vq, Vs, ..., v, in a vector space V' are said to be linearly independent if

and only if the solution to
vy +covo+ ... +c¢,v, =0
is

cp=¢c=..=¢,=0.
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Crample.
The vector [ 1 } and [ ; } are linear independent, since if
1 n 1] |0

1 1 Co 2 - 0 )

then
c1+co = 0

c1 + 202 =0

and the only solution to this system is ¢; = ¢y = 0. |

1.5 Subspace

Given a vector space V, it is often possible to form another vector space by taking s

subset § of V and using the operations of V.

Definition.
If S is a nonempty subset of a vector space )V, and S satisfies the following conditions:

(a). ax € S, whenever x € S for any scalar .

(b). x+y € S whenever x € S and y € S, then S is said to be a subspace of V.

Definition. | (Linear Span)
Let uy, us,..., u, be n elements in a vector space V. The collection of all linear combi-

nations of the form )" | a;u;, where the a;’s are scalars, is called a linear span of uy,

Uy,..., Uy,. |
Crample.
R* = Span(vy, ..., vi) for a basis (v, ..., Vi). [ |

We now consider what happens to the vector space that is spanned by linearly

dependent vectors.
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Crample.
1] . . . o 1
S= Span o | 182 one-dimensional subspace in R* since « 9 € S and
a{;}—kﬁ[;}:(a—h@)[;}ES.Furthermore,SCR2. [ |

Therefore, the space spanned by a set of vectors in R* has at most k dimensions. If
this space has fewer than k£ dimensions, it is subspace, or hyperplane. But the impor-
tant point in the preceding discussion is that every set of vectors spans some space; it

may be the entire space in which the vector reside, or some subspace of it.

Crample.

In R3, the intersection of two-dimensional subspaces is one-dimensional:

® 2018 by Prof. Chingnun Lee 9 Ins.of Economics,NSYSU,Taiwan



Ch.1 Linear Algebra 1 VECTOR SPACE

Crevcise 1.

Let S = {(z1, 22, 73)'|71 = x2}. Show that S is a subspace of R3. [
1.6 Vector Projection

Definition.

The dot product of two vectors, a,, and b, is a scalar and is written as

a, b, = a; Xb +ayxby+...+a, Xb,
= lan[| x by ]| x cos(8)

= bn'anu

where 6 is the angle between a,, and b,,. Two vectors a,, and b,, are said to be orthog-
onal if a,, - b,, = 0.2 [ |

It is apparent that a, -a, = >_ a? = ||a/|*.

21t is because cos(90°) = 0.
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9

b
a-b=Ilalll bl cos®Y

Definition.
The vector projection of a vector v on (or onto) a nonzero vector u is the orthogonal

projection of a onto a straight line parallel to u. It is a vector parallel to u, denoted

as Proju(v). [

projulv) - v

u proju(v)

v-u

Proju(v) = (W) u. (1-3)
Proof.

® 2018 by Prof. Chingnun Lee 11 Ins.of Economics,NSYSU,Taiwan




Ch.1 Linear Algebra 1 VECTOR SPACE

Let Proju(v) = tu. Because (Proju(v) — v) is orthogonal to u,?
(Proju(v) —v)-u=0.
That is

(tu—v)-u=0.

Hence t = < v ), and therefore Proju(v) = tu = ( "'“2> u. [

[[ul?

3In fact, it is —(Proju(v) — v) to be orthogonal to u.
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2 Matrices

2.1 Linear Transformation

Linear mappings from one vector space to another play an important role in mathe-
matics. In the study of vector spaces the most important types of mappings are linear

transformation.

Definition. | (Linear Transformation)

Let U and V be two vector spaces. A function £ : U — V is called a linear transfor-

mation if
L(aiug + agug) = anL(ug) + aL(uy) (1-4)
for all u; and uy in U and any scalars oy and as. |

If £ is a linear transformation mapping a vector space U into V , it follows from
(1-3) that

L(u; +uy) =L(ug) + L(u2), (o1 =ay=1) (1-5)
and

L(aju) = a1 L(u), (u=uy, ar=0). (1-6)
Conversely, if £ satisfies (4) and (5), then

ﬁ(alul + 012112) = E(alul) + ﬁ(a2u2)
= ozlﬁ(ul) + Oégﬁ(llg).

Thus £ is a linear transformation on ¢ if and only if £ satisfies (1-4) and (1-5).

Crample.
The operator £ defined by

e = ()
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is linear, since

Claxay) = (ot e )

o m)es()
= al(x)+ BL(Y).

The operator £ has the effect of rotating each vector in R? by 90° in the counterclock-

wise direction. [ ]

Crample.
Let 7 : R? — R! be defined as

T(x) = T(x1,22) = (27 + 23)"/%.
Then 7 is not a linear transformation, since
T (ax) = (a?2? + o*22)V? = |o|T (x).
It follows that
aT(x) # T(ax)

whenever a < 0 and x # 0. Therefore, T is not a linear transformation. |

2.1.1 The Matrix Representation of a Linear Transformation

We will see how any linear operator between finite-dimensional space can be repre-

sented by a matrix now.

Theorem.
If £ is a linear operator mapping R"™ into R™, then there is an m x n matrix A such
that

L(x) = Ax
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for each x € R". In fact, the jth column vector of A is given by

a; = E(ej) j = 1,2, .., n.

Proof.

For j =1, ....,n define

a; = (ayj, agj, ..., am;) = L(€j).
Let

A = (a;5) = (ay,ay, ..., a,).
If

X =1x1€1 +X9€y + -+ x,€,
is an arbitrary element of R", then

£(X) = xlﬁ(el) + $2£(62) + -+ xnﬁ(en)

= xia; +Toao + -+ xpa,
€
€2

= (aj,as,...,a,)

Tn

Since the standard basis elements ey, e,, ..., e, were used for R", we refer A as the

standard matriz representation of L.

Crample.
Let £ : R3 — R3 be defined as

£($1,x2,$3) = (l’l — T2, + m371;3)'

® 2018 by Prof. Chingnun Lee 15 Ins.of Economics,NSYSU,Taiwan



Ch.1 Linear Algebra 2 MATRICES

Then L is a linear transformation, since

Llo(zr, x2,23) + B(y1, Y2, ys)]

= L(azy + By, ary + By, as + Bys)

= (axy + Byr — axy — By, axy + Byr + axs + Bys, axz + Bys)
= oz — 22,21 + 23, 23) + B(Y1 — Y2, 1 + Y3, Y3)

= al(z1, 2, 23) + BL(Y1, Y2, Y3)-

We wish to find a matrix A such that £(x) = Ax for each x € R3. To do this, one
must determine L(e1), L(e3), and L(e3).

1

Lle) = L£(1,0,0) = [ 1
0

—1

Lles) = £(0,1,0) = 0
0

0

Lles) = £(0,0,1) = [ 1
1

We choose these vectors to be the columns of A,

1 -1 0
A=|(1 0 1],
0 0 1
then
1 — T2
,C(X) = T+ 23 = Ax
T3
for each x € R3. [ ]

In general, let 7 : U — V be a linear transformation, where & and V are vector
spaces of dimensions n and m, respectively. Let uy, us,...,u,, be a basis for & and vy,
Va,...,Vy, be a basis for V. For j = 1,2,...,n, consider 7 (u;), which can be uniquely
represented as

m

T(uy) = Zaisz’, ji=12,..n,

=1
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where the a;;’s are scalars. These scalars completely determine all possible value of 7

If ued, then u= Z?Zl z;ju;, for some scalars 1, zs, ..., z,. Then

T(u) = Z x;T(u;) (since T is a linear transformation)
j=1

S (S

i=1
n m
= E Ij E aijvi
7j=1 i=1

= Z Z a;;x;v; (interchange summation) (1-7)
i=1 j=1

By definition, the rectangular array

ail a12 ... Qp
a9 929 ... Q9p
Am><n - )
| Gm1 Gm2 - - . Gmp |

is called a matrix of order m x n, which indicates that A has m rows and n columns.
We could further write (1-6) as

T(u) = Z Yivi, (1-8)
i=1

where

vi= Y ayr;, i=1,2.,m. (1-9)

j=1

Therefore, if A is the m x n matrix with element a;;, x and y are the n- and m-vectors
with component z, ..., z, and yi, ..., Ym, then (1-8) is equivalent to

y = Ax. (1-10)

It is therefore noted that an m x n matrix A define a linear transformation from R" to
R™, and A is called the matrix representation of the 7 with respect to the par-
ticular bases. Conversely, any linear transformation between finite dimensional space

can be represented by a matrix that depends on a choice of basis for the two spaces.
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This is an underlying reason why matrix-vector multiplication is defined the way it is
below.

2.2 Some Terminology

A matrix is a rectangular array of numbers, denoted

ay;;y Qi . . . Qg
a91 Q922 . . . Q9
Aivi = [aa] = ;
| a1 Qi . . . Qi ]

where a subscribed element of a matrix is always read as a,ow column- Here we confine
the element to be real number.

A vector is a matrix with one row or one column. Therefore a row vector is Ay
and a column vector is A,;,; and commonly denoted as a* and a;, respectively. In the
followings of this course, we follow conventional custom to say that a vector is a column
vector except for particular mention.

The dimension of a matrix is the numbers of rows and columns it contained. If 7
equals to k, then A is a square matrix. Several particular types of square matrices

occur in econometrics:

(a). A symmetric matrix A is one in which a;; = ay; for all i and k.

(b). A diagonal matrix is a square matrix whose nonzero elements appears on the

main diagonal, moving from upper left to lower right.
(c). A scalar matrix is a diagonal matrix with the same values in all diagonal elements.

(d). An identity matrix is a scalar matrix with ones on the diagonal. This matrix is
always denoted as I. A subscript is sometimes included to indicate its size. for

example,

1
I3: 0
0

O = O
_ o O
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(e). A triangular matrix is one that has only zeros either above or below the main

diagonal. For example,

A:

I N
T W O
o OO

2.3 Algebraic Manipulation of Matrices
2.3.1 Equality of Matrices

Matrices A and B are equal if and only if they have the same dimensions and each

element of A equal the corresponding element of B.

A=B if and only if a;;, = b;;, for all 7 and k.

2.3.2 Transposition

The transpose of a matrix A, denoted as A’, is obtained by creating the matrix whose
kth row is the kth column of the original matrix. If A is ¢ x k, then A’ is k x i. For

example,

, then A'=

w ol
O NS
o1 Ol
w N =
Tl = ot
Tl O
B o

If A is symmetric, A=A'. It is also apparent that for any matrix A, (A’) = A.

Finally, the transpose of a column vector, a; is a row vector:

a;:[al as . . . ai}.
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2.3.3 Matrix Addition

Matrices cannot be added unless they have the same dimension. The operation of

addition is extended to matrices by defining

We also extend the operation of subtraction to matrices precisely as if they were

scalars by performing the operation element by element. Thus,
It follows that

(a). matrix addition is commutative,
A+B=B+A,
(b). and associative,
(A+B)+C=A+(B+C),
(c). and that

(A+B)=A"+B. O

2.3.4 Matrix Multiplication

Matrices are multiplied by using the dot product.

Definition.

For an n x k matrix A and a k x T matrix B, the product matrix,

C=AB
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is an n X T matrix whose ikth element is the dot product of row i of A and column k&
of B, i.e.

C= {CnT]y Cik — ai : bk

Generally, AB # BA. |

The product of a matrix and a vector is a vector and is written as

c = Ab
= b1a1+bga2+...—|—bkak,

where b; is ith element of vector b and a; is ith column of matrix A. Here we see that
the right-hand side is a linear combination of the columns of the matrix where the
coefficients are the elements of the vector.

In the calculation of a matrix product C = A, «xBrx7, it can be written as

C = AB
— [Ab; Ab, --- Aby),

where b; is ith column of matrix B.

Some general rules for matrix multiplication are as follows:
(a). Associate law: (AB)C = A(BC).
(b). Distributive law: A(B+ C) = AB + AC.
(c). Transpose of a product: (AB) = B’A’.

(d). Scalar multiplication: A = [aay] for a scalar a. O

2.3.5 Matrix Inversion

To solve the system Ax = b for x, something akin to division by a matrix is needed.

Definition.

A square matrix A is said to be nonsingular or invertible if there exist a unique matrix
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(square) B such that AB = BA = I. The matrix B is said to be a multiplicative
inverse of A. We will refer to the multiplicative inverse of a nonsingular matrix A as

simply the inverse of A and denote it by A=!.4 |

Some computational results involving inverse are

1
A7 = —
(A™H)™t = A,

(A_l)/ _ (A/)_l
(AB)™' = B'A
(A+B)! = AT -_AY(B1+A )AL

when both inverse matrices exist. Finally, if A is symmetric, then A~! is also sym-

metric.

2.4 An Useful [dempotent Matrix

A fundamental matrix in statistics is the one that is used to transform data to devia-

tions from their mean.

Definition.
An idempotent matrix is the one that is equal to its square, that is M2 = MM = M.R

An useful idempotent matrix we will often face is the matrix
s/ofe\—T1s/ 1--/
M, =1-i(i'i) ' =1- —if,
n

where i is a column of ones’s (n x 1) vector.

“4For a full column rank m x n matrix U (m > n), if there exists an n x m (here m can be equal to
n) matrix, X, satisfying the following conditions: (a) UXU =U, (b) XUX =X, (c) (UX) =UX,
and (d) (XU) = XU, then X is called the Moore-Penrose inverse of U, denoted as UT. It is
well-known that U™ exists and is unique for any m x n matrix U.
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Il—j

ZEQ—J_]
M,L'X: s

Ty, — T

where x = [z1, 29, ..., x,] and T = %2?21 x;. It is easily seen that M, is a symmetric

and idempotent matrix.

Proof.
As definition,
L., 1 .
Mx=(I--ii|x=x—-1i-ix=x—1iZT. [ |
n n
Crevcise 2.
Using the data I give to you, compute 32 (X — X)2, where X = % SV X, from the

idempotent matrix M; such that N (X — X)? = x'M,x. [ |

2.5 Trace of Matrix

Definition.

The trace of a square k x k matrix is the sums of its diagonal elements:

k

i=1

Some useful results about trace are:
(a).

tr(c) = ¢ for a constant c,
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(b).

tr(A+ B) =tr(B) + tr(A),

tr(ABCD) = tr(BCDA) = tr(CDAB) = tr(DABC).

Crevcise 3.

A matrix D is skew-symmetric if D' = —D. Now if A is a symmetric n X n matrix,
and B is an n x n skew-symmetric matrix. Find ¢r(AB). [ |
2.6 The Nullspace of a Matrix

Definition.

Let A be an m xn matrix. Let N(A) denote the set of all solutions to the homogeneous
system Ax = 0. Thus

N(A) = {x € R"|Ax = 0}.

This set of all solutions forms a subspace of R™ and is called the null space of A. W

Crample.
Determine N(A) if

1110
210 1|

|
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One solution to this system is

Ty = T3 — X4

To = —2$3+I4.

Thus, if we set 3 = o and x4 = 3, then

a—f 1 -1
| 2a+8 ] -2 1
x= o ol |t b 0
B 0 1
The vector space N(A) consists of all vector of the form
1 -1
—2 1
al | B E
0 1
which is a two-dimensional subspace in R*. |
Definition.
The dimension of the null space of a matrix is called the nullity of the matrix. |

2.7 Rank of a Matrix

If A is an m x n matrix, each row of A is an n—tuple of real numbers and hence can

be considered as a vector in R**". The m vectors corresponding to the rows of A will

be referred to as the row vectors of A. Similarly, each column of A can be considered

as a vector in R™ and one can associate n column vectors with the matrix A.

Definition.

If A is an m x n matrix, the subspace of R™" spanned by the row vectors of A is

called the row space of A. The subspace of R” spanned by the column vectors of A is

called the column space of A.
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Crample.
Let

a-[100]

010

The row space of A is the set of all 3-tuples of the form
a(l 00)+8(010)=(a 5 0).
The column space of A is the set of all vectors of the form
1 0 0
Lo] ol 1] o]

Thus the row space of A is a two-dimensional subspace of R'*3 and the column space

of A is R2. [ |
Theorem.

The column space and the row space of a matrix have the same dimension. |
Definition.

The column(row) rank of a matrix is the dimension of the vector space that is spanned
by its columns (rows). In short from this definition we know that the column rank is

the number of linearly independent column of a matrix. |

Theotem.
The column rank and row rank of a matrix are equal, that is

rank(A)=rank(A’)< min(number of rows, numbers of columns). [ |

Definition.
A full (short) rank matrix is a matrix whose rank is equal (fewer) to the number of
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columns it contains. |

Theorem.
If A is an m X n matrix, then the rank of A plus the nullity of A equals n.

Crample.
Let

2101
The rank of A = 2 and nullity of A = 2. Therefore 2 4+ 2 = 4. |

a-[110e].

Theotem.
Let A be a m x n matrix. Then N(A’A) = N(A) and rank(A’A) = rank(A).

Proof.

We first prove that N(A’A) = N(A). If Ax = 0, then A’Ax =0,s0 N(A) C N(A’A).
If A’/Ax = 0, then 0 = xX’A’Ax = (Ax)'Ax, so that Ax =0, i.e. N(A'A) C N(A).
Thus N(A’A) = N(A).

From last theorem,

rank(A’A) =n — nullity(A’A) = n — nullity(A) = rank(A). [ ]
Covollary.
rank(A’A) = rank(A) = rank(A’) = rank(AA’). [ |
Theorem.

In a product matrix C = AB, then
rank(C) = rank(AB) < min(rank(A), rank(B)).

Proof.

For A is m x n and B is n x k. Write AB = [Ab; Abs..... Aby], where b; are the ith
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column of B. That is, each column of AB can be expressed as a linear combination
of the column of A, so the number of linearly independent columns in AB can not
be more than the number of linearly independent columns in A. Thus, rank(AB) <
rank(A). Similarly, each row of AB can be expressed as a linear combination of the
rows of B from which we get rank(AB) < rank(B). [

Covollary.
If A ism x n and B is a square matrix of rank n, then rank(AB)=rank(A).

Proof.

For any two matrix,
rank(AB) < rank(A).
If B is nonsingular, then
rank(A) = rank(ABB™') < rank(AB).

Hence rank(AB)=rank(A). |

Theorem.
Let A is m x n matrix, B is m X m matrix, and C is n x n matrix. Then if B and C

are nonsingular matrices, it follows that

rank(BAC) = rank(BA) = rank(A). (1-11)
Proof.
By last corollary, rank(BAC) = rank[(BA)C| = rank(BA). Since rank(BA) =
rank(A'B’) = rank(A’) = rank(A), the result is obtained. [ |

2.8 Determinant

With each square matrix it is possible to associate a real number called the determ:-

nant of the matrix. The value of this number will tell us whether or not the matrix is
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singular.

Crample.

The vectors of the matrix is

A = [a b
_ Hg}

The area of the parallelogram formed by the columns of A can be obtained by manip-
ulating congruent triangles. The result is 4(3) — 1(2) = 10. The (absolute) area is the
determinant of A, denoted as |A|.

Second coordinate

6 —
5 ]
4 |
Py
3 7
2 — b/ / Determinant 0/)-1/
1 // First coordinate
a
\ \ \ \ \ \ \ \

|
If the columns of A were linearly dependent, then the two vectors would lie on the
same line. The “parallelogram” would collapse to a line and would have zero area.

This concept implies that if the columns of a (square) matrix are linear dependent,
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then its determinant is zero.

Theorem.

The determinant of a matrix is nonzero if and only if it has full rank. |

(a)

|cD| = c*|D|, for a constant ¢, and k x k matriz D.
(b).
|ICD| = |C]| - |D| for two matrices C and D.
(c).
IC| = |C]. |
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3 Partitioned Matrices

Often it is useful to think of a matrix as being composed of a number of submatrices. A
matrix A can be partitioned into smaller matrices by drawing horizontal lines between

the rows and vertical lines between the columns. For example, we might write

1

a

_ | A A _ B a’
Amxn—|:A21 A22:|,Or A_[al as --- an:|7or A = ’

am

and note that
A A
Al — { 11 21 ] '

Aly, A

A common special case is the block diagonal matrix:

. All 0
L)

where Aq; and Ay, are square matrices.

3.1 Addition and Multiplication of Partitioned Matrices

For conformably partitioned matrices A;; and B;j,

ALB= |:A11+B11 A+ Byo 1

As; +Bayy Ay + B

That is, for addition, the dimension of A;; and B;; must be the same. However, for
A11 A12 B11 B12
Ay Ay By Ba

_ A1 By +A1By A Bis + ApBy
AoBii +ApBay AyBio+ ApBy |

aB - |

the number of columns in A;; must equal the number of rows in Bj;, for all pairs ¢ and

J.
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Crample.
Recall the calculation of the product of a matrix and a vector
c = Anxkbkxl
C b ]
ba
= [ a a . . . ap ]

= b1a1 + bzag + ...+ bkak,
and that of a matrix product C = A,,«xBrx;

C = AB

= Anxk[(bl)kX1 <b2)k><1 coe (bl)kX1]
= [Ab; Ab, --- Ab/]

(al)lxk
(32>1><k

B (an)lxk i
[ alB
a’B

a"B

Two cases frequently encountered are of the form
AT TAT _ par a1 A
AR - s
= [ ATA; + ALA, } ,

and

Ay 0 V'TAL 07 [A A, 0
0 A22 0 A22 o 0 A’22A22 ’
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3.2 Determinants of Partitioned Matrices

A 0

(b).
An Ap | ~1
AL AR ] = lAnlJAu - AnAz Al

= |An| Ay — Ay AL A

3.3 Inverses of Partitioned Matrices

(a). The inverse of a block diagonal matrix is

Ay 0 17" (A7 o
0 Ay 0 AL |

(b). For a general 2 x 2 partitioned matrix,

A Ayp _1: A;11(1+A12F2A21A1_11) —AALF,
Agr Ay —F2A21Af11 F, 7

where Fy = (Agg — A21A1_11A12)71.
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CErercise 4.
Show that

(A Ap |
| A Ay

1

is also

F, ~F1A LA
I —AALF, AL T+ AyFIALAYY) |7

where F1 = (All - A12A521A21)_1. [ |

3.4 Kronecker Products

Definition.
For general matrices A and B, the Kronecker products of them is

_GHB CL12B [ alkB_
CL21B CLQQB [ anB

A9B — . . S . . -

CLﬂB CLZ‘QB [ aikB

Notice that if A is i x k and B is m x n, then A ® B is (im) x (kn).

Let A, B, C, and D be any matrices, then
(1).
(A®B)(C®D)=(AC)® (BD),
(2).
(A+B)eC=(A®C)+ (BxC),
(3).
(A®B) =A"®B. [ ]
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Let A be m x m and B be k X k nonsingular matrices, then
(1).

(AB)'=A1eB"

(2).
tr(A ® B) = tr(A)tr(B).

Proof.

(1).
(A" ®B)A®B)=(A'A®B'B) =1, 9 I; = L.

(2).

tr(A®B) = i aztr(B) = tr(A)tr(B). |

3.5 The Vec Operator

The operator that transforms a matrix to a vector is known as the vec operator. If the

m X n matrix A has a; as its ith column, then vec(A) is the m - n x 1 vectors given by

ay
ag

vec(A) =

aAn
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Let a be m x 1 and b be n x 1 vectors, then

(1).

vec(a) = vec(a’) = a,

(2).
vec(ab’) = b ® a.

Proof.
(2).
Cba ]
bga
vec(ab’) = vec([bja bea ... bpa])=| = | =b®a. |
- bna -
Let A and B both be m X n matrices, then
tr(A'B) = {vec(A)}vec(B). (1-12)
Proof.
Let aq,...,a, denote the columns of A and by,....b,, denote the columns of B. Then
b;
tr(A'B)=> (A'B); =) ab;=[a} ... a,]| . | = {vec(A)}vec(B). B
i=1 i=1 :
b,

Let A, B, and C be matrices of dimension m X n, n X p and p X ¢, respectively. Then

vec(ABC) = (C' ® A)vec(B). |

® 2018 by Prof. Chingnun Lee 36 Ins.of Economics,NSYSU,Taiwan



Ch.1 Linear Algebra 3 PARTITIONED MATRICES

Let A, B, C, and D be matrices of dimension m xn, nxp, pxq, and ¢ x m respectively.
Then

tr(ABCD) = {vec(A")} (D’ ® B)vec(C).

Broof.

Using (1-11), it follows that
tr(ABCD) = tr{A(BCD)} = {vec(A’)}vec(BCD),
and using (c). we have that

vec(BCD) = (D' @ B)vec(C),

so the proof is completed. |
Crevcise 5.
Let
[II, O 0
0 Il 0
I1= ,
0 . . . IIy |

where II; is k X p; matrix. Find an expression for the matrix A such that

vec(IT})
vec (IT') = A - : : [ |

vec(ITy)
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4  Diagonalization of a Matrix

Almost all vectors x € R™ change direction, when they are multiplied by the square
matrix A, .,. Certain exceptional vectors x are in the same direction as Ax. Those
are the “eigenvectors”. Multiply an eigenvector by A, and the vector Ax is a number
A times the original x. The basic equation is Ax = Ax. The number A is an eigenvalue
of A. The eigenvalue A tells whether the special vector x is stretched or shrunk or

reversed or left unchanged-when it is multiplied by A.

4.1 Eigenvalues, Eigenvectors, and Eigenspaces

Eigenvalues and eigenvectors are special implicitly defined functions of the elements of

a square matrix.

Definition.
If A is an n X n matrix, then any scalar \ satisfying the equation

Ax = )x, (1-13)

for some n x 1 vector x # 0, is called an eigenvalues of A. The vector x is called
an eigenvector of A corresponding to eigenvalue A and equation (1-12) is called the

eigenvalue-eigenvector equation of A. [ |

Equation (1-12) can be equivalently expressed as
(A—-ADx=0.

Notices that if [A— M| # 0, then (A —AI)~! would exist and so premultiplication of this
equation by this inverse would lead to a contradiction of the already stated assumption

that x # 0. Thus, any eigenvalue A must satisfy the determinantal equation
|A — Al =0, (1-14)

which is known as the characteristic equation of A.
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Crample.

) —A 1

Let A = 9 111 , then the eigenvalues of A are the solution to

Thus, the eigenvalues of A are A\; =6 and Ay = 3.

To find the eigenvectors belonging to A\; = 6, we solve (A — 6I)x = 0 to get

X1 = { 2 } Thus any nonzero multiple of } is an eigenvectors belonging to A;

T2 1
1. . . . o
and [ 1 } is a basis for the eigenspace corresponding to A;. Similarly, any nonzero
: —1/2 1. . .
multiple of 1 is an eigenvector belonging to As. |

From the example above, we see that eigenvectors are not uniquely defined.> To
remove the indeterminacy, we always (but not necessary) impose the scale constraint
that

xXix; = [x||>=1, Vi=1,..,n.

This additional equation x;x; = 1 produce complete solutions for both eigenvectors
in example above:
1/v2
For \y = 6 =+
or Ax y X1 |: 1/\/§ :| y

s = e s | Y]

For an n x n matrix, the characteristic equation is an nth order polynomial in .
Its solution may be n distinct values, as in the preceding example, or may contain
repeated values of A and may contain some zeros as well. However, the eigenvectors

belonging to distinct eigenvalues are linear independent.

Theorem.
If A1, Ag, ..., A\ are distinct eigenvalues of the n x n matrix A with corresponding eigen-

vectors X, Xo, ..., X, where k < n, then xq,Xs, ..., X, are linear independent.

®Note that if a nonnull vector x satisfies (1-12) for a given value of ), then so will (ax) for any
nonzero scalar a.
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Proof.

See p. 273 of Leon, S.J. (1990). [

Furthermore, there is no guarantee that the eigenvalues ( and eigenvectors) will be

real.

CErercise 6.

Find the eigenvectors and eigenvalues of the matrix A = [ _12 _11 } : |

4.2  Symmetric Matrices

Many of the applications involving eigenvalues and eigenvectors in statistics are ones
that deal with a symmetric matrix. Symmetric matrices have some especially nice
properties regarding eigenvalues and eigenvectors. In this section we will develop some
of these properties.

We have seen that a matrix may have complex eigenvalues even when the matrix

itself is real. This is not the case for symmetric matrices.

Theorem.

Let A be an n x n real symmetric matrix. Then the eigenvalues of A are real, and

corresponding to any eigenvalue there exist eigenvectors that are real.

Proof.
Let A = a+ i be an eigenvalue of A and x = y + iz a corresponding eigenvector,

where ¢ = /—1. We will first show that § = 0. Substitution of these expressions for A

and x in the eigenvalue-eigenvector equation (1-12) yields
Ay +iz) = (o +1i0)(y + iz). (1-15)
Premultiplying (1-14) by (y — iz)" we get

(y —iz) Ay +iz) = (o +if)(y —iz)'(y + iz),
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which simplifies to
YAy + 72 Az = (a+i8)(y'y +2'z), (1-16)

since y'Az = 7z’ Ay follows from the symmetry of A. Now x # 0 implies that (y'y +
z'z) > 0 and, consequently, we must have 5 = 0 since the left-hand side of (1-15) is
real. Substituting § = 0 in (1-14), we find that

Ay + 1Az = ay + iaz.

Thus, x = y +iz will be an eigenvector of A corresponding to A = « as long as y and z
satisfy Ay = ay, Az = az, and at least one is not 0 so that x # 0. A real eigenvector

is then constructed by selecting y # 0, such that Ay = ay and z = 0. |

We have seen that a set of eigenvectors of an m x m matrix A is linearly indepen-
dent if the associated eigenvalues are all different from one another. We will now show

that, if A is symmetric, we can say a bit more.

Theotem.

If A is an m X m real symmetric matrix with m distinct eigenvalues, then the set of

corresponding eigenvectors will form a group of mutually orthogonal vectors.

Proof.

Let
Ax; = \x;, and Ax; = \jx;, Vi# 7.
Since the eigenvalues of A are distinct, it follows that
XX = X5(Axg) = (XjA)x; = (A'X))'x = (Ax;)'x = (A\jx)' % = X

Thus, (A; — Aj)x;x; = 0. Because \; # );, it implies x’x; = 0 as required. [ |

The above result is still possible even when A has multiple eigenvalues.
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Theotem.
If the m x m matrix A is symmetric, then it is possible to construct a set of m eigen-

vectors of A such that the set is orthonormal, i.e. xx; = 1 for V7 and x/x; = 0 for 7 # j.

Proof.

See p. 95 (Theorem 3.10) of Schoott, J.R. (1997). [

4.3 Diagonalization of a Matrix

In this section we consider the problem of factoring an n x n matrix A into a product
of the form SDS™!, where D is diagonal.

Definition.

An n x n matrix A is said to be diagonalizable if there exists a nonsingular matrix S

and a diagnoal matrix D such that
S™'AS =D.

We say that S diagonalizes A. |

From now on, we focus only on the case that A is a symmetric matrix.% It is
convenient to collect the n eigenvectors in a n x n matrix whose ¢th column is the x;

corresponding to \;,
X = [Xl Xo.eun Xn],

and the n-eigenvalues in the same order, in a diagonal matrix,

AN, 0 . . .0
0 X O . . 0

A= " = A A
D W

5Because it guarantees S™! exists.
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It is easy to see that

AX = [Ax; Axs.... Ax,]

and

XA = [XA;, X, , XA]

= [>\1X1, )\QXQ, ceen )\nxn]
Therefore, we have the useful results that
AX = XA. (117)

Since the eigenvectors are orthogonal and x/x; = 1, we have

/ /
/ / / /
= . 1 2 00 n ] =
/ / / /
X, X, X1 X,Xo - X,Xp
= L (1-18)

equation (1-18) implies that
X' =X

Consequently,
XX'=XX"'=1

By premultiplying (1-17) by X’ and using (1-18), we can extract the eigenvalues of
A.

Definition.

The diagonalization of a symmetric matriz A is

X'AX(= X'XA =IA) = A. u
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Alternatively, by postmultiplying (1-17) by X’ and using (1-18), we obtain a useful
representation of A.

Definition.

The spectral decomposition of a symmetric matrix A is

A(= AXX') = XAX/, u

4.4 Rank, Trace and Determinant of a matrix

Using the results in the spectral decomposition and matrix diagnoalization, it is easy
to see that

(a).

rank(A) = rank(XAX') = rank(A) = numbers of non zero eigenvalues of A.

(b).
tr(A) = tr(XAX') = tr(AX'X) = tr(Al) = tr(A)

n

= Z Ai = summations of eigenvalues of A.
i=1

().
[A] = [XAX'] = [X]|A[|X]]
= [A[X]X]
= [A]XX]
= |A[[T]
= |Al= ﬁ/\i = products of eigenvalues of A.

=1
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Crercise 7.
1 2 3
Let A= | 2 9 6 |. Find eigenvalues and eigenvectors of A. In addition, verify that
36 7
tr(A) = 327, A, |A| = [T, \i, and eigenvectors are orthonormal. Finally, is A a full
rank matrix ? [ ]
Erevcise 8
2 11
Let ¥ =| 1 2 1 |. Find eigenvalues and eigenvectors of 3. |
11 2

4.5 Powers of a Matrix
4.5.1 Expanding a Matrix by Integer Power

We often use expressions involving powers of matrices, such as AA = A2. For positive
integer power, these expressions can be computed by repeated multiplication. Consider
first

AA =A? = (XAX')(XAX')
= XAX'XAX'
= XAIAX
= XAAX
= XA*’X' (1-19)

It implies the following results.

For any symmetric matrix, the eigenvalus of A? are the squares of those of A, and the

eigenvectors are the same. |
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Since A3 = AA? = XA3X’ and so on, (1-19) extend to any positive integer.

For any symmetric matrix, the eigenvalus of A* are the A

+, and the eigenvectors are

the same, where \; are the eigenvalues of A. |

If A is nonsingular, so that all its roots \; are nonzero, the this proof in (1-19) can

be extended to negative powers as well. If A~! exists, then

Al = (XAX)!
_ (X/)—lA—lx—l
= XA 'X.

It implies the following results.

If A~! exists, the eigenvalus of A~! are the reciprocals of those of A, and the eigen-

vectors are the same. |

By extending the notion of repeated multiplication, we have a more general result.

Theotem.
For any nonsingular symmetric matrix A = XAX', then

AY = XAMX', k=..,-2,—-1,0,1,2, ... (1-20)
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4.5.2 Square Root of a Matrix

Sometimes we may require a matrix A such that BB = A7 the B is denoted as A'/2,

and it can be computed as

A1/2 _ XAl/QX/
[V o0
0 VX 0 . . 0

_ X . X'

0 0 . .. VA

as long as all \; are nonnegative. This equation satisfies the requirement for a square

root, since

A1/2A1/2 — XAl/ZxIXAl/Qxl
XA1/2A1/2xl
= XAX'
= A.
If we continue in this fashion, we can define the powers of a matrix more generally,

still assuming that all the eigenvalues are nonnegative. For example, A'/3 = XA/3X’.

Combining the above results we have the following theorem.

Theotem.
For a positive definite matrix A, A” = XA"X/, for any real number 7. |

4.6 ldempotent Matrices

A symmetric idempotent matrix is the one such that

A* = XAFX' = XAX' = A, for all nonnegetive integer k.

"In this case it is also true that B'B = A since B is symmetric.

® 2018 by Prof. Chingnun Lee 47 Ins.of Economics,NSYSU,Taiwan



Ch.1 Linear Algebra 4 DIAGONALIZATION OF A MATRIX

Therefore, (\;)* = \; for all i = 1,..,n. That is all the eigenvalue of an idempotent
matrix are 0 or 1. An immediate results from this is that rank of idempotent matrix

is equal to its trace.

4.7 Quadratic Forms and Definite Matrices

Many optimization problems involve double sums of the following form.

Definition.

Let A = [a;;] be a symmetric matrix of dimension n x n, and let ¢ = (¢, ¢o, ..., ¢,)" be

a column vector. The function

g = cAc
n n
= E E al-jcicj
i=1 j=1

is called a quadratic form in c, and A is referred as the matrix of the quadratic

form. [ |

Erample.
In optimization z = f(x1,x2), the FOC is

dz = fldﬂfl + fgdl‘Q,
and the SOC is®
d?z = fi1dat + 2f1odwidry + fordas,

which can be written as

2 Jin fi2 dx,
d*z = [dxq dxs] l o Fon ] [ di ] , (1-21)

8From p.310 of Chiang, A.C. (1984): For the function z = f(z), for maximum of z, f”(z) < 0 can
be translated into d?z < 0.
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and is a quadratic form. |

Definition.

For a given symmetric matrix A,

(a). If /Ac > (<)0 for all nonzero c, the A is positive (negative) definite.

(b). If /Ac > ()0 for all nonzero c, the A is nonnegative definite or positive semidef-

inite (nonpositive definite). |

Theorem.
Let A be a symmetric matrix. If all the eigenvalues of A are positive (negative), then

A is positive definite (negative definite). If some of the eigenvalues are zero, then A is
nonnegative definite if the remainder are positive. If A has both negative and positive

roots, then A is indefinite.
Proof.
Recall that
A = XAX/,
therefore the quadratic form can be written as
cAc = JXAX'c
= YAy

= Zn: A,
i=1

where y = X’c is a n x 1 real vector. [ |

4.7.1 Nonnegative Definite Matrices

Some useful results pertaining to non-negative definite matrices are in the following:
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(a). If A is nonnegative definite, then |A| > 0.
(b). If A is positive definite, so is A7
(c). If Ais nxk with full rank and n > k, then A’A is positive and A A’ is nonnegative.

Proof (c).

Since A is full rank with n > k, so Ac = cja; + cas + ... + cxax # 0. Therefore,
c/(A'A)c = (Ac)(Ac) =y'y = >, y? > 0. Hence A’A is positive. Meanwhile, a pos-
sible “zero” solution exist in the equation A’c = 0, since A’c = ¢1a; + cas + ... + ¢, a,.
Here, a;,7 = 1,2, ..., k is the ¢th column of A and a;,j = 1,2, ...,n is the jth column of

A’ |

4.7.2 ldempotent Quadratic Forms

A quadratic form ¢’Ac is called a “Idempotent Quadratic Forms” when A is a symmet-
ric idempotent matrix. Some useful results pertaining to idempotent quadratic forms

are in the following:

(a). Every symmetric idempotent matrix is nonnegative definite.

(b). If A is symmetric and idempotent n x n with rank j, then every quadratic form

in A can be written as ¢’Ac=) 7_, y7. [ ]
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5 The Triangular Factorization

In some applications, we shall require a matrix P such that
P'P=Q.

One choice is
P = AY*X/,

where A and X are the matrices of eigenvalues and eigenvectors of € as in (1-16).

Hence,

P/P _ (X/)/(AI/Q)/Al/QX/
~ XAX = Q,

as desired. Thus the spectral decomposition of €2, = XAX is a useful results for
this kind of computation.?

The Cholesky factorization of a symmetric positive definite matrix is an alternative
representation that is useful in regression. We first introduce the triangular factoriza-

tion.

Theotem.
Any positive definite symmetric (n X n) matrix  has a unique representation of the

form
Q = ADA’,

where A is a lower triangular matrix with 1s along the principal diagonal,

10 0o .. .0
a921 1 0 .. .0
asz; 0A3z2 1 .. .0
A= ,
| Q1 Qn2 Gpz o . o 1]

9Tt is to be noted that here P is not symmetric since P’ = (X')/(AY/2)" = X(A1/2)" # AV/2X' = P.
If we let P = XAY2X’, then P'P = Q and P is symmetric.
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and D is a diagonal matrix,

[dy 0 0
0 dy 0
0 0 ds
D=
0 0 0

dnn

o O

where d;; > 0 for all «. This is known as the triangular factorization of €2.

Proof.
Consider
Qi Q2 Qg
Qo1 Qo g
Q31 Q3p Q33
Q) =
| in Qn2 Qn3

QZn
Q3n

QTL?’L

Our goal here is to transform €2 to be a diagonal matrix. This can be accomplished

in the first step by transform € to be a matrix with zeros in all the first rows and first

columns except for the (1,1) element. This set of operations is € pre-multiplied by E4

and post-multiplied by E/ the result is

E,QFE, = H,
where
[ 1 00
Q07 01
E, =
| Qa5 0 0

e}

(1-22)

(1-23)
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and

[ hyy O 0 0 |
0  hay hos hon
0 h32 h33 h?m

H =

L 0 hn2 hn3 hnn i

[ On 0 0 0
0 Qg — Q2191_11912 oz — Q2191_11913 Qo — Q2191_1191n
0 Q39— Q0 Qo Qa3 — Q7' s Q3 — Q319 Q0

| 0 Q- QmQﬁlQu Qo — inQﬁlQm Qpn — QmQﬁlan i

The matrix E; always exists, provided that €211 # 0. This is ensured in the present
case, because 2; is equal to €|Qe;, where €] = [1 0 0 ... 0].

= Since € is positive
definite, ejQe; must be greater than zero.!”

We next proceed in exactly the same way with the second row and second column
of H. This set of operations is H promultiplied by Es and postmultiplied by Ef the

result is

E.HE, = K, (1-24)

10To see this, consider n = 3 for example, E; is so constructed such that the first column of E;Q
is zero, i.e.

[ 1 0 0 Q11 Q2 Q3
EQ = —0nQF 10 ] [ Qo1 Qoo Qs ]
Q31077 0 1 31 Q32 Qs
Q1 Q9 Q13
= 0 Qoo — Q10 Q2 Doz — D210 Qs } .
L0 Q32— Q310 Q12 Q33 — Q319 Qs

It is easy to see that

Q1 Q12 Q13 1 =007 —leQfll
E.QE, = [ 0 Qoo — Q7 Q2 Doz — 021071 Q3 } [ 0 1 0
0 Q32— 03197'Q12 Q33 — 31 Q7 Q3 0 0 1
Qll 0 0
= { 0 Qoo — leQﬁlQu Qo3 — Qzlﬁﬁlﬁlg } (using the fact that Q is symmetric.)
0 Q32— Q' Q2 Q3 — 23107 Qs
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where
1 0 0 . . . 0]
0 1 0 .. .0
0 —hghy 1 . . .0
E,=| . . (1-25)
| 0 —hnohyy 0 . . . 1]
and
[ hy O 0 o 0 i
hao 0 . 0
0 0 hss—hgohgshos . . . hsgy — hsshog hon
K= .
0 0 huz— hashpyhas o o . hun — hashiy hay |

The matrix Ey always exists, provided that hgs # 0. But hgy can be calculated as
hae = ebHey, where €, = [0 1 0 ... 0]. Moreover, H = E;QE/, where € is positive
definite and E; is given by (1-23). Since E; is lower triangular, its determinant is
the product of terms along the principle diagonal, which are all unity. Thus E; is
nonsingular, meaning that H = E;QE/ is positive definite and so hyy = e,He, must
be strictly positive. Thus the matrix in (1-24) can always be calculated.

Proceeding through each of the columns and rows with the same approach, we see

that for any positive symmetric matrix €2 there exist matrices Eq, Es,....E, 1 such that

E, - -EEQEE,  --E |, =D, (1-26)
where
[ Q1 0 0 .o 0
0 Qo — Q1 Qo 0 oo 0
0 0 h33 — h32h2_21h23 Lo 0
D—
| 0 0 0 R Cn,n—10;i17n_10n—1,n ]

with all the diagonal entries of D strictly positive. In general, E; is a matrix with
nonzero value in the jth column below the principle diagonal, 1s along the principle

diagonal, and zeros everywhere else.
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Thus each E; is lower triangular with unit determinant. Hence Ej_1 exists, and the

following matrix exists:
A=(E, - -EE)'=E'E' -E'.

If (1-26) is premultiplied by A and postmulptiplied by A’; the result is
Q = ADA’,

where A is a lower triangular matrix with 1s along the principle diagonal from the fact
that the product of lower triangular matrix is also triangular and the inverse of a lower

triangular matrix is also lower triangular. |

5.1 The Cholesky Factorization

A close related factorization of a symmetric positive definite matrix €2 is obtained
as follows. Define D2 to be the (n x n) diagonal matrix whose diagonal entries

are the square roots of the corresponding elements of the matrix D in the triangular

factorization:
[ /d; 0 0 0 ]
0 Voo 0 .o 0
0 0 Vdss ... 0
DY/? = . . .
| 0 0 0 dnn |

since the matrix D is unique and has strictly positive diagonal entries, the matrix D'/?

exists and is unique. Then the triangular factorization can be written as
(= AD1/2D1/2A/ _ ADl/Q(ADl/Q)/
or

Q=PP, (1-27)
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where
P = AD'Y?
1 0 0 .. .0][Vdu O 0 . .. 0 ]
a921 1 0 .. .0 0 vV d22 0 Coe 0
as1 Qs 1 .. .0 0 0 vV d33 .. 0
L Ap1 Qpo2 Apz . . . 1 1 L 0 0 0 Coe dnn |
[ Vdi 0 0 .. 0]
asi1vV dll vV d22 0 N 0
azivdi  azVdyp  Ndzo . . .0
L An1V di1 anaVdae apzvdsz .. . dnn i
Expression (1-27) is known as the Cholesky factorization of 2.
Crercise 9.
4 2 =2
Let Q = 2 10 2 |. Find lower triangular matrices P and A, and a diagonal
-2 2 5
matrix D such that 2 = PP’ (Cholesky decomposition) and €2 = ADA’ (triangular
factorization). |
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6 Calculus and Matrix Algebra

6.1 Conventional Notation

We can regard a function y = f(x1,z9,...,z,) = f(X) as scalar-valued function of a

vector. Following the convention, the following is the results of matrix’s differentiation.

(a). Differentiating a scalar with respect to a column yield a column. The vector of

partial derivatives, or gradient vector, or simply gradient, is

ENEEANER
aa | E R
a T2 T2 .
J(x) = = ' = = gradient vector. |
ox :
of(x 3
i gx(n) | | % | L fn .

A linear function is y = a1 + asxs + ... + a,x,, = a’x. Then

da’x ] r A
a X
Oxo )
oa’'x
ox
a /
It can also easily found that
oda'x ,
=a. 1-28
ox’ ( )
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A quadratic form is y = x’Ax. Then

Ox'Ax 2Ax  when A is symmetric; -
ox | (A+A)x when A is not symmetric.
b). Differentiating a column vector with respect to a row vector yield a matrix. A
g y
second derivatives matriz or Hessian is computed as
[ on oh Of1 ]
oz Ors °~ ° ° Ozn
of2 Of2 Of2
9 |:6f(x)i| oy Oza = Oxn
ox o
ox’ N
T
| D21 Owa T Omn
Ju Sz - - S
Jau fe o o o fon
L fnl fnZ o fnn ]
0 f(x
= i ), Hessian Matriz. n
OxOx!

A set of linear function is y = Ax. It follows that y; = a’x, where a’ is the ith
row of A. Therefore

dy; Oda'x

- o 2 (using (1 — 28))

Collecting all the elements, we have

Q
=

Y1 7 [ o1 7]

x/ a
A 6 i
X

= ) = ’ = A. 1-29

ox’ ) ( )
B'n n

L 5 1 La"]
|
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(c). Differentiating a scalar with respect to a n X n matrix yield a n x n matrix.

(i)

ox'Ax

A~ X5
(ii).

Om|A[ 4,

0A = (A7)

6.2 Optimization

Many economic and statistic’s problems involve finding the x (or x) where f(z) (or

f(x)) is maximized or minimized.

(a). The first-order (necessary) condition for an optimum when y = f(z) is

dy _

0
dx

(b). The second-order (sufficient) condition for an optimum when y = f(z) is

d2y

for a maximum, T2 < 05
x
- d?
for a minimum, oy > 0. [ |
dz?
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(a). . The first-order (necessary) condition for an optimum when y = f(x) is

0f(x)

% =0.

(b). The second-order (sufficient) condition for an optimum when y = f(x) is

0% f(x
for a maximum, H= f(x) must be negative definite;
0x0x’
82
for a minimum, H= f(x) must be positive definite. ]
Ox0Ox’

Crample.

Let’s consider a two-product firm under a perfectly competitive market. Accordingly,

a firm’s revenue function is
R =120 + 18Q)-,

where @); represents the output level of the ¢th product per unit of time. The firm’s

cost function is assumed to be
C =207 + Q2 +2Q5.

The profit function of this hypothetical firm can now be written as
m=R—C =120 +18Q; — 20} - Q1Q> — 2Q3

It is our task to find the levels of )1 and ()5 which, in combination, will maximize .

For this purpose, we first find the first-order partial derivatives of the profit function:

m (z (%Tl) = 12— 4Q; — Q, (1-30)
- (: (%2) — 18— Q) — 4Qs. (1-31)

Setting these both equal to zero, to satisfy the necessary condition for maximum, we
have Q] = 2 and ()5 = 4, implying an optimal profit 7" = 48 per unit of time.

To be sure that this does represent a maximum profit, let us check the second-order
condition. The second partial derivatives, obtainable by partial differentiation of (1-30)

and (1-31), give us the following Hessian:
. 711 712 - —4 -1
H_{Wm 7T22}_{—1 —4]'
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Since eigenvalues of H is —3 and —5 and both are smaller than zero, the Hessian matrix

(or d?z) is negative definite, and the solution does maximize the profit. [

MICHIGAN STATE

UNIV ERSITY

End of this Chapter
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